Neutrinoless double-beta (0νββ) decay is a promising beyond Standard Model process. Twoneutrino double-beta (2νββ) decay is an associated process that is allowed by the Standard Model, and it was observed in about 10 isotopes, including decays to the excited states of the daughter.
I. INTRODUCTION
Neutrinoless double-beta decay is a low-energy nuclear process that could identify beyond Standard Model (BSM) physics, especially the lepton number violation (LNV) effects and exotic neutrino properties, such as the neutrino mass scale and whether neutrino is a Dirac or a Majorana fermion [1] . Neutrino oscillation experiments have successfully measured the squared mass differences among neutrino mass eigenstates [2] [3] [4] [5] [6] [7] , yet the nature of the neutrinos and the absolute neutrino masses cannot be obtained from such measurements. This has led to both theoretical and experimental efforts dedicated to the discovery of the 0νββ decay mode, as reflected by the large numbers of recent reviews [8] [9] [10] . The simplest and most studied mechanism is the exchange of light Majorana neutrinos in the presence of left handed weak interaction, but other possible mechanisms contributing to the total 0νββ decay rate are taken into consideration [11] [12] [13] [14] . Such mechanisms include the contribution of the right-handed currents [15, 16] , and mechanisms involving super-symmetry [10, 17] . 0νββ decay and the analysis of the same-sign dilepton decay channels at hadron colliders [18] [19] [20] [21] are the best approaches to investigate these mechanisms. However, 0νββ decay results from several isotopes would be necessary to disentangle contributions of different mechanisms [13, 14, 22] . Additional information regarding the neutrino physics parameters could be obtained from large-baseline and new reactor neutrino oscillation experiments [23] , and from cosmology [24] .
Two-neutrino double-beta decay is an associated process that is allowed by the Standard Model, and it was observed in about 10 isotopes, including decays to the excited states of the daughter [25] .
124 Sn was the first isotope whose double-beta decay modes were investigated experimentally [26, 27] . The Q-value for the decay to the * mihai.horoi@cmich.edu † neacs1a@cmich.edu ground state (g.s.), 2.289 MeV, is slightly smaller than those of 130 Te and 136 Xe, but it is larger than that of 76 Ge decay. As a consequence, the phase space factor (see below) for 2νββ decay of 124 Sn is about ten times larger than that of 76 Ge, while the 0νββ phase space factor of 124 Sn is about four times larger than that of 76 Ge. Double-beta decay modes of 124 Sn were also recently investigated experimentally by several groups [28] [29] [30] [31] , but no signal has been seen so far. The best upper limit obtained was about 1×10
21 yr [28] , very close to the QRPA prediction of 2.7 × 10 21 yr for the 2νββ transition to the first excited 0 + 1 state of the daughter [32] , which was used as guidance (see also Table 21 in Ref. [33] ). The QRPA prediction [32, 33] for the 2νββ transition to the g.s. of the daughter was available at the time of these experiments, T 2ν 1/2 = 7.8 × 10
19 yr, but this transition was also not observed.
124 Sn is still considered for the experimental investigations of its double-beta decay modes by the TIN.TIN experiment [34] , and reliable predictions of 2νββ decay half-lives and 0νββ nuclear matrix elements (NME) would energize the experimental effort and could save millions of dollars and time. Shell model calculations were able to make a reliable prediction for 2νββ decay half-life of 48 Ca [35] , which was later confirmed by the experimental data [36] [32] and shell model [41] calculations.
Recent experimental proposals to investigate the 0νββ decay of 124 Sn [34] raised the need for accurate calculations of the 0νββ nuclear matrix elements for this isotope to guide the experimental effort. The accuracy of the calculated nuclear matrix elements still represents the largest uncertainty in the theoretical analyses of the neutrinoless double-beta decay. These NME are currently in-vestigated by several methods, such as Interacting Shell Model (ISM) [12, [38] [39] [40] [42] [43] [44] [45] [46] [47] [48] [49] , QRPA [22, [50] [51] [52] [53] , Interacting Boson Model (IBM-2) [54] [55] [56] [57] , Projected Hartree Fock Bogoliubov (PHFB) [58] , Energy Density Functional (EDF) [59] , and the Relativistic Energy Density Functional (REDF) [60] method. There are still large differences among the NME calculated with different methods and by different groups, and that has been a topic of many debates in the literature (see e.g. [61, 62] ).
We calculate the NME for 2νββ and 0νββ decay of 124 Sn in a shell model approach, using a recently proposed effective Hamiltonian, which was fine-tuned with experimental data for Sn isotopes. Realistic effective nucleon-nucleon (nn) interactions, derived from free nn potentials, form the microscopic basis of shell model calculations [63] . However, these effective Hamiltonians often require additional fine-tuning to the available data to gain real predictive power. For the calculations reported in this paper, we use a recently proposed shell model effective Hamiltonian (called SVD here) [64] and the shell model space jj55 consisting of the 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 and 0h 11/2 valence orbitals. To ensure the reliability of the results, we investigate this Hamiltonian by performing calculations of spectroscopic quantities, and comparing them to the latest experimental data available for the nuclei involved in the decay, i.e. 124 Sn and 124 Te. These tests include the energy spectra, the B(E2) ↑ transition probabilities, the Gamow-Teller (GT ) strengths, and the occupation probabilities for both neutrons and protons [40] .
The paper is organized as follows. In the following Section we briefly present the formalism for NME involved in the expressions of ββ decay half-lives via exchange of both light Majorana neutrinos and heavy neutrinos mechanisms. Section III presents some shell model results of the SVD effective Hamiltonian validating the spectroscopy of 124 Sn and 124 Te. The NME are shown in Section IV, 2νββ calculations in subsection IV A, and the 0νββ results in subsection IV B, including an overview of recently reported NME results in IV C. Section V is dedicated to conclusions.
II. ββ DECAY FORMALISM
The 0νββ half-lives are usually expressed as a product of a leptonic phase space factor (PSF), a NME that depends on the nuclear structure of the mother and that of the daughter nuclei, and a LNV parameter related to the BSM mechanism considered. To obtain reliable limits for the LNV parameters, accurate measurements of the 0νββ decay half-lives accompanied by precise calculations of the PSF and NME are needed. Considering the exchange of light left-handed neutrinos and heavy righthanded neutrinos, the following expression for 0νββ decay half-life is a good approximation [12] :
(1) Here G 0ν 01 is the phase space factor for this decay mode [33, 65, 66] that depends on the decay energy and nuclear charge, M 0ν ν,N are the the NME, η νL and η N R are the neutrino physics parameters associated to the light neutrinoexchange and the heavy neutrino-exchange mechanisms, respectively [12, 22] . The expressions for M 0ν ν,N have the following structure:
where g V and g A are the vector and the axial-vector coupling strengths, respectively, while M α (α = GT, F, T ) can be found in several papers, for example Ref. [39] . They are defined to be dimensionless. Our method includes short-range correlations (SRC), finite nucleon size effects (FNS), and higher order corrections of the nucleon current [12, 39, [46] [47] [48] [49] . For 2νββ decay, the half-life for the transition to a state of angular momentum J (J = 0 or 2) of the daughter nucleus is given to a good approximation by [37] 
where G 2ν (J) is a phase space factor [33, 67, 68] , and M 2ν (J) is the 2νββ NME, which can be calculated as [33, 37] 
Here the k-sum is taken over the 1 + k states with excitation energies E k in the intermediate nucleus,
124 Sb in this case. E J = 1 2 Q ββ (J) + ∆M , where Q ββ (J) is the Qvalue for the transition to the state of angular momentum J in the daughter nucleus, and ∆M is the difference in mass between the intermediate nucleus and the decaying nucleus. The nuclear matrix elements can be calculated efficiently using a strength function approach [69] .
III. ANALYSIS AND VALIDATION OF THE EFFECTIVE HAMILTONIAN
For the shell model calculations of the 124 Sn ββ decay NME, we need a suitable effective Hamiltonian, one which can reliably describe the structure of the nuclei involved in the decay. One option is the use an effective Hamiltonian in a large model space that includes the 0g 9/2 , 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 , 0h 11/2 , and 0h 9/2 orbitals (called jj77). This approach was successfully used in the case of 136 Xe [48] . However, the shell-model dimensions for
124 Sn in this model space are too large. Another option is using the jj55 model space and an effective Hamiltonian fine-tuned to the experimental data. Extending our previous analysis from Ref. [40] , we now investigate the SVD Hamiltonian reported in Ref. [64] . This effective Hamiltonian was obtained starting with a realistic CD-Bonn nn potential [70] , and the core-polarization effects have been taken into account via many-body perturbation theory [63] . The resulting jj55 Hamiltonian was further fine-tuned using the experimental data for Sn isotopes. Ref. [64] presents a detailed study of this effective Hamiltonian for Sn isotopes. Here we analyze how accurately it describes the nuclei of interest for this study by comparing to the available experimental data. Using this effective Hamiltonian, we calculate and compare with the experimental data, when available, the following spectroscopic quantities for the nuclei in the region of interest: the energy spectra for some [0 + − 6 + ] states, B(E2) ↑ transition probabilities, occupation probabilities and the Gamow-Teller strengths. For some of these quantities, such as the occupancies and the GT strengths, experimental data is not yet available, but we present our theoretical results hoping that future experimental investigations will be validating these predictions. This Hamiltonian was previously investigated in a similar analysis [40] 
A. Energy levels
We use the SVD Hamiltonian to investigate the lowenergy states for the initial and the final nuclei, 124 Sn and 124 Te, respectively. Fig. 1 presents the low-energy spectra calculated with the SVD Hamiltonian compared the experimental data [71] . In the case of the initial nucleus, 124 Sn, our shell model calculations describe the experimental levels with very good accuracy. This is expected since this Hamiltonian was fine-tuned using experimental energies of yrast states for Sn isotopes, including 124 Sn.
Describing the daughter nucleus, 124 Te, is more challenging. First, because it was not included in the finetuning, and in addition, the experimental data available is not very clear about the first excited 0 + state, which is very important for our analysis. In particular, although the recent double-beta decay experimental studies [28] [29] [30] assume that this state is at 1.156 MeV excitation energy, the latest Nuclear Data Sheets [71, 72] Fig. 1 ). This result favors the Nuclear Data Sheets assignment. However, we decided to still consider the Table of Isotopes assignment for energy of the first excited 0 + state as an alternative possibility. This state, the first excited calculated 0 + state assumed to have 1.156 MeV excitation energy when calculating the phase space factors, is denoted with 0 + 1 * throughout this paper (see Fig. 1 , and Tables III and IV) .
For the yrast states of 124 Te we get reasonable results, only the first 1 + state being underestimated by 350 MeV. In addition, for the second 2 + (not included in Fig. 1 ) we get an excitation energy of 1.294 MeV, very close to the experimental value of 1.326 MeV. This leads us to consider this effective Hamiltonian as well suited for the description of the spectra for these initial and final nuclei involved in the ββ decay. Table I where we find very good agreement with the adopted B(E2) ↑ data [76, 77] .
C. Occupation probabilities
A good description of the experimental occupation probabilities, although not always sufficient, it is generally necessary to validate shell model predictions. For the nuclei of interest we could not find reliable experimental data for the comparison of the neutron vacancies in 124 Sn and 124 Te, and of the proton occupancies in 124 Te. We include our theoretical predictions for the occupation probabilities in Table II and in Fig. 2 . The occupation probabilities of the 1d 5/2 and 1d 3/2 orbitals are summed up and presented as 1d, similar to the Figures 2-4 of Ref. [40] . The validation of the Gamow-Teller strength distribution is particularly relevant for a good description of double-beta decay rates. Using this effective Hamiltonian, the spin-orbit partners orbitals of 0g 9/2 and 0h 9/2 are missing in the jj55 model space, and therefore the Ikeda sum-rule is not satisfied. In a previous paper [40] , we have studied the effects of GT sum-rule for 130 Te and 136 Xe, and we were able to compare with the experimental data. In this case of the 124 Sn nucleus no reliable experimental data could be found, and we can not present a comparison. Fig. 3 shows our calculated GT strengths for the transition of 124 Sn to 124 Sb. The running GT sum is displayed in the inset of the plot. A quenching factor q f = 0.74 was used in the calculations presented in Fig. 3 , the same value that was utilized in the 2νββ NME calculations from Section IV A. 2 ) matrix elements for the 0νββ decay of 124 Sn (light neutrino-exchange) for configurations with pairs of neutrons/protons coupled to some spin (I) and some parity (positive or negative). CD-Bonn SRC parameterization was used.
IV. NUCLEAR MATRIX ELEMENTS FOR
124 Sn
Following the investigation of the SVD Hamiltonian for spectroscopic quantities of the initial 124 Sn and the final 124 Te nuclei, we present the NME for the doublebeta decay of 124 Sn. Calculations of the 2νββ decay are presented in Subsection IV A. We consider these results as particularly important for the upcoming Sn ββ experiments [34] , as predictions of the half-lives can be made. Subsection IV B presents the results of our calculations for the 0νββ decay NME. These calculations are compared with other results from the literature in Table V for the light neutrino-exchange mechanism, and in Table  VI for the heavy neutrino-exchange case. For a better overview of the spread of the NME obtained with different nuclear structure methods and by different groups, we also display these values in Fig. 6 (light) and Fig.  7 (heavy) . g A = 1.27 was used in Eqs. (1) and (3) to calculate all the half-lives reported below.
A. 2νββ decay of 124 Sn NME
As we mentioned in the Introduction, double-beta decay modes of 124 Sn were recently investigated experimentally by several groups [28] [29] [30] [31] . The emphasis was on decays to the excited states, but no signal has been seen so far. The best upper limit obtained for the halflife, 1 × 10 21 yr, was reported in Ref. [28] (which seems that was using the QRPA prediction for the 2νββ transition to the first excited 0 + 1 state of the daughter given in Refs. [32, 33] (4), which was observed in many shell model calculations. The typical q f value for the pf -shell model space is 0.74 [78] , but it varies in model spaces such as jj55 due to the missing spin-orbit partners that breaks the Ikea sum-rule [48] . However, for a fine-tuned Hamiltonian, the Gamow-Teller strength gets distorted towards lowenergy, and the q f that describes the 2νββ NME seems to be more stable and closer to 0.7 [38] [39] [40] 79] . In Ref. [40] we found for the same SVD Hamiltonian and the same jj55 model space that the quenching factors that describe well the 2νββ NME of 130 Te and 136 Xe were 0.71 and 0.68, respectively. In Ref. [40] we compared the calculated NME for 130 Te with that reported in Ref. [80] (for 136 Xe we use the NME from Ref. [64] in [40] ) to extract these quenching factors. An updated analysis of the experimental data [25] , which is using updated halflives and phase space factors [68] [81] suggests that the quenching could be related to the two-body currents induced by the three-body forces, but there is not wide agreement with that interpretation, and it is known that the distortion of the Gamow-Teller strength in calculated in reduced valence spaces could play a significant role [79] . Table II of Ref. [65] ). Therefore we used the more comprehensive results of Ref. [68] for guidance to obtain the phase space factor for the 0 + 1 * state. The PSF for the transition to the first excited 2+ state in Ref. [68] are inaccurate, but we obtained updated values [83, 84] . We were able to reproduce with about 3% accuracy the PSF from Tables I, II, and III of Refs. [68, 84] using Eqs. (A.1)-(A.5) and  (A.27)-(A.28) of Ref. [33] , and a 0.95 screening factor for the charge of the daughter [85] . The PSF for 124 Sn obtained with this method were used in Table III . The 2νββ transition to the 2 + state is suppressed due to the larger power entering the denominator of the NME, Eq. (4). A discussion of the suppression of the transitions to 2 + states can be found in Refs. [16, 67] . The 2νββ transition to the first excited 0 The 0νββ decay NME calculations performed in this paper are done within the closure approach. We use a recently proposed method [38] to obtain the optimal closure energy [39] , E , for 124 Sn by calculating the optimal closure energy for 136 Xe with this effective Hamiltonian, and we find E = 3.5 M eV .
The analysis of the 0νββ NME is extended, similar to that of Ref. [40] , by looking to the decomposition of the NME over the angular momentum I of the proton (or neutron) pairs (see Eq. (B4) in Ref. [47] ), called I-pair decomposition. In this case, the NME can be written as M α = I M α (I), where M α (I) represent the contributions from each pair-spin I to the α part of the NME. . We perform this analysis in the case of heavy neutrino-exchange mechanism and we find a behavior similar to that of the light neutrino-exchange mechanism. Fig. 5 displays the I-pair decomposition for the heavy neutrino-exchange mechanism. Since the tensor contribution is small, we exclude it from the decomposition. In Fig. 4 and Fig. 5 we use the effective values for the Fermi NME, by multiplying them with −(g V /g A ) 2 (see Eq. (2)). As a consequence, the bars in Fig. 4 and Fig. 5 can be added directly to get the total NME. This representation is slightly different from the similar one of Refs. [38] [39] [40] , in which the raw sign of the Fermi contribution was considered. The new representation clearly shows that the shell model light neutrino-exchange NME are smaller due to the dramatic cancellation between the I = 0 and I = 2 contributions, while for the heavy neutrino-exchange NME the cancellation is not as pronounced (see also the discussion of the 76 Ge case in Ref. [79] ).
The numerical results for the NME corresponding to the two mechanisms can be found in Tables V and VI calculated for two SRC, Argonne-V18/Cd-Bonn. If one uses a neutrino effective mass m ββ ≈ 0.1 eV (| η νL |= 2 × 10 −7 ), one obtains for 124 Sn a 0νββ decay half-life in the range 2.3 × 10 26 − 2.7 × 10 26 yr (the lower limit corresponds to CD-Bonn SRC). If the heavy neutrino mechanism dominates, for a neutrino physics parameter | η N R |= 3 × 10 −9 (the present experimental upper limit of this parameter is 7 × 10 −9 [11] ) one gets a 0νββ decay half-life in the range 2.4 × 10 26 − 5.0 × 10 26 yr. Here we used G 2ν 01 = 9.06 × 10 −15 yr −1 [13] . We also extracted the neutrino physics parameters, | η νL |≈ 10 −6 (corresponding to m ββ ≈ 0.5 eV) and | η N R |≈ 1.2 × 10 −8 from the half-life lower limit for 136 Xe using the NME of Ref. [40] . Using these parameters we calculated the corresponding half-life lower limits for the transitions to the 0 + states of 124 Te. The results are presented in Table IV Fig. 6 for heavy neutrinoexchange NME.
C. Overview of the 0νββ NME
The NME are still responsible for the largest uncertainties in the half-life predictions, but recent theoretical and | ηNR |= 1.2 × 10 −8 . These estimates are based on NME calculated with the CD-Bonn SRC.
2 efforts to restore the isospin symmetry in QRPA [82, 86] and IBM-2 [57] have significantly reduced some of the very large differences between NME results obtained with different nuclear structure methods. Given the recently reported QRPA [86] and IBM-2 [57] results, we decided to update the NME overview of Ref. [40] , also adding the 124 Sn 0νββ decay NME for light and heavy neutrinoexchange mechanisms reported in this paper. Figs. 6 and 7 also show NME for the other five nuclei of experimental interest compared with results recently reported in the literature. In particular, we include the new heavy neutrino-exchange QRPA results from Jyvaskyla group [86] . Table V presents our new 124 Sn light neutrinoexchange 0νββ decay NME results with two SRC parametrizations (Argonne-V18 and CD-Bonn), together with the NME of five other nuclei from our group (ISM-CMU), 48 [40, 48] , compared with the most recent results that were obtained with nuclear structure methods that preserve the isospin symmetry and provide NME for both mechanisms. Included in Figure 6 (but not in Table  V ) are also shell model light neutrino-exchange NME for 48 Ca [87] , 76 Ge, and 82 Se [88] that are using the same shell model calculations but an effective transition operator obtained in many-body perturbation theory. The updated IBM-2 NME [57] are only available for the Argonne-V18 SRC. The updated QRPA-Jy NME [86] are only available for CD-Bonn SRC. The QRPATu results [53] are presented with both CD-Bonn and Argonne-V18 SRC. The bars in the figures correspond to the range of the two SRC (the higher end of the bars correspond to CD-Bonn SRC). The ISM-StMa shell model NME results from Ref. [44] are calculated with UCOM SRC and with effective Hamiltonians different of those used in the ISM-CMU calculations.
The new
124 Sn heavy neutrino-exchange 0νββ decay NME results reported here are presented in [40, 48] ). They are compared with the results of the other methods included in Table V , when available. Since it does not appear to be much difference between the IBM-2 heavy neutrino NME reported in Ref. [57] and those of Ref. [56] we kept the old results, as they include both CD-Bonn and Argonne-V18 SRC. The QRPA-Jy results are from the recent Ref. [86] , and the QRPA-Tu are from Ref. [53] . The ISM-StMa are from Refs. [89, 90] .
Other methods investigating the light neutrinoexchange NME, such as Projected Hartree Fock Bogoliubov [58] , Energy Density Functional [59] , and the Relativistic Energy Density Functional [60, 91] , do not fall within our selection criteria, and are not included in our Figures.
V. CONCLUSIONS
This paper presents our shell model calculations for the double-beta decay of 124 Sn in the jj55 model space, using the SVD effective Hamiltonian [64] that was finetuned with experimental data for the Sn isotopes. We validate the effective Hamiltonian by performing calculations of several spectroscopic quantities (energy spectra, B(E2) ↑ transitions), finding good agreement with the experimental data. We also provide results for occupation probabilities and GT strengths that could be investigated and validated by future experiments.
We provide half-lives for 2νββ decay to the ground state, T Te. We estimate a theoretical uncertainty of at least ±20% for these predictions. The half-life for the g.s. is just beyond the current experimental limit [28] , but the transitions to the excited states are not accessible. If the 0 + 1 * state from Ref. [74] is validated by future experimental investigations, then the half-life for the transition to this state is predicted to be T 1/2(0 + ) 2ν = 5.6 × 10 23 yr. Our results are quite different from other similar results reported in the literature. We believe that our predicted 2νββ halflives for 124 Sn can be used to guide future experimental efforts, and potentially save considerable resources.
In the case of 0νββ decay, we report new 124 Sn NME in the range 2.00 − 2.15 for the light left-handed neutrino-exchange mechanism. For the heavy righthanded neutrino-exchange mechanism, we obtain 124 Sn NME in the range 97.4 − 141. We also present an analysis of the I-pair decomposition of the 124 Sn NME for the light and heavy neutrino-exchange mechanisms. An optimal closure energy was used for the light neutrinoexchange NME. In both cases we found that the main contribution to the NME is provided by the cancellation between I = 0 and I = 2 pairs, similar to the case of 48 [40] . Using a neutrino effective mass m ββ ≈ 0.1 eV (| η νL |= 2 × 10 −7 ), one obtains for 124 Sn a 0νββ decay half-life lower limit T 1/2 0ν ≈ 2.4 × 10 26 yr. Should the heavy neutrino mechanism dominate, this half-life would require a neutrino physics parameter | η N R |≈ 3 × 10 −9 (the present experimental upper limit of this parameter is 7 × 10 −9 [11] ).
Finally we present an up-to-date overview of the NME for both light neutrino and heavy neutrino-exchange mechanisms recently reported in the literature. We include in our comparison results of methods that enforce or restore the isospin symmetry, and that provide NME for both mechanisms. Although the approximate restoration of isospin symmetry lowers some of the highest NME, the ratio between the lowest and the highest NME for each isotope is still about 2 -2.5 for the light neutrino-exchange mechanism, and about 3-5 for the heavy neutrino-exchange mechanism. One can also notice the reduced discrepancy between the IBM-2 and the shell model results. The larger spread of heavy neutrino-exchange NME, compared to that of the light neutrino-exchange NME, also indicates a higher sensitivity of these calculations with respect to the SRC parameterization. This uncertainty could be improved by obtaining an effective transition operator [88] , which is regularized together with the underlying nuclear Hamiltonian [92] .
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